KILLING FORMS ON G 2 - AND Spin 7 -MANIFOLDS 

UWE SEMMELMANN 

Abstract. Killing forms on Riemannian manifolds are differential forms whose co- 
variant derivative is totally skew-symmetric. We prove that on a compact manifold 
with holonomy G2 or Spirit any Killing form has to be parallel. The main tool is a 
universal Weitzenbock formula. We show how such a formula can be obtain for any 
given holonomy group and any representation defining a vector bundle. 
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1. Introduction 

Killing forms are a natural generalization of Killing vector fields. They are defined 
as differential forms u, such that V« is totally skew-symmetric. More generally one 
considers twistor forms, as forms in the kernel of an elliptic differential operator, defined 
similar to the twistor operator in spin geometry. Twistor f-forms are dual to conformal 
vector fields. 

The notion of Killing forms was introduced by K. Yano in ^H], where he already 
noted that a p-form u is a Killing form if and only if for any geodesic 7 the (p — 
l)-form 7_i-u is parallel along 7. In particular, Killing forms define quadratic first 
integrals of the geodesic equation, i.e. functions which are constant along geodesies. 
This motivated an intense study of Killing forms in the physics literature, e.g. in the 
article ^l] of R. Penrose and M. Walker. More recently Killing and twistor forms have 
been successfully applied to define symmetries of field equations (c.f. |3j, [I]). 

On the standard sphere the space of twistor forms coincides with the eigenspace of the 
Laplace operator for the minimal eigenvalue and Killing forms are the coclosed minimal 
eigenforms. The sphere also realizes the maximal possible number of twistor or Killing 
forms. There are only very few further examples of compact manifolds admitting Killing 
p-forms with p > 2. These are Sasakian, nearly Kahler and weak-G?2 manifolds, and 
products of them. 

The present article is the last step in the study of Killing forms on manifolds with 
restricted holonomy. It was already known that on compact Kahler manifolds Killing 
p-forms with p > 2 are parallel ( ^3] ) . Moreover we showed in [Hj and [2j that the same 
is true on compact quaternion-Kahler manifolds and compact symmetric spaces. Here 
we will prove the corresponding statement for the remaining holonomies G2 and Spin 7 . 

The author would like to thank the Centre de Mathcmatiques de l'Ecole Polytechnique for hospitality 
during the preparation of this work. 
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Theorem 1.1. Let (M 7 , g) be a compact manifold with holonomy G2. Then any Killing 
form and any * -Killing form is parallel. Moreover, any twistor p-form, with p ^ 3,4, 
is parallel. 

Theorem 1.2. Let (M 8 , g) be a compact manifold with holonomy Spin 7 . Then any 
Killing form and any * -Killing form is parallel. Moreover, any twistor p-form, with 
p 7^ 3,4, 5, is parallel. 

The main tool for proving the two theorems are suitable Weitzenbock formulas for 
the irreducible components of the form bundle. More generally we prove a universal 
Weitzenbock formula, i.e. we show how to obtain for any fixed holonomy group G and 
any irreducible G-representation n, a Weitzenbock formula for the twistor operators 
acting on sections of the vector bundle defined by 7r. Our formula is already known in 
the case of Riemannian holonomy SO n (c.f. [6 ). However, it seems to be new and so 
far unused in the case of the exceptional holonomies G2 and Spin 7 . We describe here 
an approach to Weitzenbock formulas which is further developed and completed in ■ 

Acknowledgments. The author would like to thank Andrei Moroianu and Gregor 
Weingart for many valuable discussions and the continued interest in twistor forms. 
In particular he is grateful to Gregor Weingart for sharing his views on Weitzenbock 
formulas and his helpful comments on the Casimir normalization. 

2. Twistor forms on Riemannian manifolds 

In this section we recall the definition and basic facts on twistor and Killing forms. 
More details and further references can be found in ^J. Most important for the later 
application will be the integrability condition given in Proposition 12.21 

Consider a n-dimensional Euclidean vector space (V, (•,•))• Then the tensor product 
V* <S) A P V* has the following 0(n)-invariant decomposition: 

V* ® A P V* ^ A p - V* © A P+1 V* © A p ' V* 

where A P,1 V* is the intersection of the kernels of wedge and inner product. This de- 
composition immediately translates to Riemannian manifolds (M n , g), where we have 

T*M : .V'V.U £ A P_1 T*M © A P+1 T*M © A P ' X T*M (1) 
with A P,1 T*M denoting the vector bundle corresponding to the representation A p > 1 . The 
covariant derivative VV' of a p-form ip is a section of T*M © A P T*M. Its projections 
onto the summands A P+1 T*M and A P_1 T*M are just the differential dip and the 
co differential d*i)j. Its projection onto the third summand A P,1 T*M defines a natural 
first order differential operator T, called the twistor operator. The twistor operator 
T : T(A p T*M) -> T(A p ' 1 T*M) C T(T*M © A P T*M) is given for any vector field X by 
the following formula 

[Tij>\(X) := [pr^VVO] (X) = Vx</> - ^X.d^ + ^X* A d*^ • (2) 

From now on we will identify TM with T*M using the metric. 
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Definition 2.1. A p-form if) is called a twistor p-form if and only if ip is in the kernel 
of T, i.e. if and only if if) satisfies 

V x iP = - A d*^ , (3) 

for all vector fields X . If the p-form if) is in addition coclosed, it is called a Killing 
p-form. A closed twistor form is called ^-Killing form. 

Twistor forms are also known as conformal Killing forms or skew-symmetric Killing- 
Yano tensors. Twistor 1-forms are dual to conformal vector fields and Killing 1-forms 
are dual to Killing vector fields. Note that the Hodge star-operator * maps twistor 
p-forms into twistor (n — p)-forms. In particular, it interchanges Killing and ^-Killing 
forms. 

Twistor forms are well understood on compact Kahler manifolds (c.f. jH]). Here they 
are closely related to Hamiltonian 2-forms recently studied in jT] . In particular, one has 
examples on the complex projective space in any even degree. 

Differentiating Equation (j2J) one obtains the two equations 

V*W = + ^dd*^ + T*Ttp , (4) 

q(R)1> = jfcdTdl, + ^dd*^ - T*Tifj , (5) 

where q(R) is the curvature term appearing in the classical Weitzenbock formula for 
the Laplacian on p-forms: A = d*d + dd* = V*V + q(R). It is the symmetric 
endomorphism of the bundle of differential forms defined by 

q(R) = ^ e 3 A 6 i J R ei,ej, (6) 

where {ej} is any local orthonormal frame and R ei , e j denotes the curvature of the form 
bundle. On 1-forms the endomorphism q(R) is just the Ricci curvature. It is important 
to note that one may define q(R) also in a more general context. For this we first rewrite 
equation © as 

q(R) = y^ y (ej A e {J - e { A ej _\) R e . )£ . = (e f A Bj) Rfe A e^) 

i<j i<j 

where the Riemannian curvature R is considered as element of Sym 2 (L 2 TM) and 2- 
forms act via the standard representation of the Lie algebra so (T m M) = L 2 T m M on 
the space of p-forms. Note that we can replace {e« A e^} by any basis of so{T m M) 
orthonormal with respect to the scalar product induced by g on so (T m M) = L 2 T m M. 

Let (M, g) be a Riemannian manifold with holonomy group G = Hoi. Then the 
curvature tensor takes values in the Lie algebra q of the holonomy group and we can 
write q(R) as 

q (R) = J2 x * R ( x i) e s y m2 (0) 

where {Xi} is any orthonormal basis of g acting via the form representation restricted 
to the holonomy group. It is clear that in this way q(R) gives rise to a symmetric 
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endomorphism on any associated vector bundle defined via a representation of the ho- 
lonomy group. Moreover this bundle endomorphism preserves any parallel subbundle 
and its action only depends on the representation defining the subbundle and not on 
the particular realization. 

Integrating Equation ((HJ) yields a characterization of twistor forms on compact mani- 
folds. This generalizes the characterization of Killing vector fields on compact manifolds, 
as divergence free vector fields in the kernel of A — 2Ric. 

Proposition 2.2. Let (M n , g) a compact Riemannian manifold. Then a p-form if> is 
a twistor p-form, if and only if q(R)ip = ^p[d*dif) + ^zr+i dd* if) . A coclosed p-form 
if} a Killing form if and only if V*Vt/> = ^q(R)ip . 

One has similar characterizations for closed twistor forms and for twistor m-forms on 
2m-dimensional manifolds. For the later application in the case of compact Ricci-flat 
manifolds we still mention an immediate consequence of Equation 

Corollary 2.3. Let M be a compact manifold and let EM C A P T*M be a parallel 
subbundle such that q{R) acts trivially on E. Then any twistor and any harmonic form 
in EM has to be parallel. In particular, there are only parallel twistor resp. harmonic 
forms in A 7 for 1 < k < 6 on a compact Gs2-manifolds and there are only parallel 
twistor resp. harmonic forms in A 7 for k = 2,4,6 and in Ag for k = 1,3,4,5,7 on 
a compact Sp'm 7 -manifold. 

Proof: It remains to prove that q(R) acts trivially on the given bundles. This is clear 
for the 7-dimensional bundles in the G2 case and for the 8-dimensional bundles in the 
Spin 7 -case. Indeed, these bundles are defined via the holonomy representation, where 
q(R) acts as Ricci-curvature, which is zero in the case of holonomy G2 or Spin 7 . 

In the Spin 7 -case there is still an other argument for proving the trivial action of 
q(R) on the 8- and 7-dimensional part: The spinor bundle of a manifold with Spin 7 
holonomy splits into the sum of a trivial line bundle, corresponding to the parallel 
spinor, and the sum of a bundle of rank 7 and a bundle of rank 8. These two bundles 
are induced by the 8-dimensional holonomy representation and by the 7-dimensional 
standard representation. It is well-known that q(R) acts as ^id on the summands 
of the spinor bundle. But for Spin 7 -manifolds the scalar curvature s is zero and we 
conclude that q(R) acts trivially on the bundles in question. □ 

3. A UNIVERSAL WEITZENBOCK FORMULA 

In this section we derive for any manifold with a fixed holonomy one basic Weitzenbock 
formula. The coefficients of this formula will depend on the holonomy group and the 
defining representation. This is only the first step of a more general method of producing 
all possible Weitzenbock formulas on such manifolds (c.f. [T3]). 

We consider the following situation: let (M n ,g) be an oriented Riemannian manifold 
with holonomy group G := Hol(M, g) C SO(n). Then the SO(n)-frame bundle reduces 



KILLING FORMS ON G 2 - AND Spin 7 -MANIFOLDS 



5 



to a G-principal bundle P G — > M and all natural bundles over M are associated to P G 
via representations of G. 

If 7r : G — > Aut(-E) is a complex representation of G we denote with £M the cor- 
responding associated bundle over M. In particular, we will denote the complexified 
holonomy representation of G, given by the inclusion G C SO(n), with T. The associ- 
ated vector bundle is then of course the complexified tangent bundle TM. 

The Levi-Civita connection of (M, g) induces a connection V on any bundle EM and 
the covariant derivative of a section of EM is a section of TM <g> EM. Hence, we may 
define natural first order differential operators by composing the covariant derivative 
with projections onto the components of TM (g EM. These operators are also known 
as Stein-Weiss operators. 

Let T g) E = Ei be the decomposition of T®E into irreducible G-representations, 
where we consider E^ as a subspace of T (g E. This induces a corresponding decompo- 
sition of the tensor product TM <g> £M. For any component i% M we define a twistor 
operator Ti by 

T, : T(EM) -> r(^ M), T, (V) := pr ; (V</>) , 

where pr ; denotes the projection T ® E —>■ Ei d T ® E and the corresponding bun- 
dle map. In the following we will make no difference between representations resp. 
equivariant maps and the corresponding vector bundles resp. bundle maps. 

Since we are on a Riemannian manifold we have for any twistor operator Tj its formal 
adjoint T* : T{E i M) — > T(EM). The aim of this section is to derive a Weitzenbock 
formula for the second order operators T* oTj , i.e. a linear combination £\ q oTj 
with real numbers q , which is of zero order, i.e. a curvature term. The coefficients q 
will depend on the holonomy group G and the representation E. 

Our approach to Weitzenbock formulas, further developed in is motivated by the 
following remarks. Let -0 be any section of EM, then V 2- is a section of the bundle 
TM®TM®EM. Any G-equivariant homomorphism F G Horn g(T®T®S, £7) defines 
by if) I— > F(V 2 V ; ) a second order differential operator acting on sections of £7M. For 
describing these homomorphisms it is rather helpful to use the natural identification 

Kom G {T®T®E,E) = End G (T <g E) = Horn G (T ®T, Endi?) . 

A homomorphisms F : T <g> T — ► Endi? is mapped onto the endomorphism F of 
T (g) E defined by F(a (g) s) = ei <g F ei8)a (s), for any orthonormal basis {q} of T and 
any a G T, s G E. Conversely an endomorphism F is mapped to the homomorphism 
F with F a! ^t,(s) —aj F{b <g> s). In particular, the identity of T <g> £ is mapped onto 
id a ®b = g(a, b) id.E ■ Finally, F G Horn (T (g> T <g> E, E) is defined as F(a ®b®s) = F at ^bS. 

Beside the identity idx^E we have the projections pr ; : T ® E -> E; C T <g> E as 
important examples of invariant endomorphisms. The following proposition describes 
the corresponding second order differential operators. 
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Proposition 3.1. Let T <g> E = ^Ei the decomposition into irreducible summands, 
with corresponding twistor operators Tj . Then any section if) of EM satisfies 

(1) id(V 2 ^) = -V*V^ 

(2) pr^V 2 ^) = — T* Tj ty) 

Proof: Let {e^} be a parallel local ortho- normal frame of TM, then V 2 = e « ® e j ® 
V ei V e . and id(V 2 if)) = ^2 gfa, ej)V ei V e .ip = — V*V'0 , which proves Equation (1). 

Equation (2) is a direct consequence of the following more general statement. 

Lemma 3.2. Let (M, g) be a Riemannian manifold and let E, F be hermitian vector 
bundles over M , equipped with metric connections V. If D : T(E) — > T(F) is a differen- 
tial operator defined as D = po V, where p : TM®E — > F is some parallel linear map. 
Then the adjoint operator for D is D* = V* o p* and D*D = — tr o (id <S> p*p) V 2 . 

The second equation follows with F = TM ® EM and an orthogonal projection 
p = pr 1 onto a subbundle EM{ C TM eg) EM. Indeed, in this case we have p*p = p 2 = p 
and it follows {T^Tiip = — tr o (id ® pr ; ) V 2 if) = — pr ; (V 2 

We will now prove the lemma. Note, that the formal adjoint V* of the covariant de- 
rivative V : T(E) — > T(TM ®E) is given as the composition of the following differential 

operators: T(TM <g> E) T(TM ® TM ® ^ r(£) , where V also denotes the 
tensor product connection, i.e V := V (g> id + id ® V. Indeed, we obtain for a vector 
field X e Y(TM) and a section if; e r(£7) that 

X <g> V i — ► Yl ( e * Ve * X ® ^ + e» O X ® V 6i ^) i — ► ^(-div(X) tp - V x ^) 

j i 

and it is easily seen that this composition is formally adjoint to V. Since D is defined as 
D = poV we have D* = (poV)* = V*op*, thus D* D = (poV)*(poV) = V*op*po\7 . 
Since p is a parallel map it commutes with V*. Hence we can substitute the formula 
for V* to obtain D*D = V* o p*p oV = — troVo p*p o V = — tr o (id <8> p*p) o V 2 . 

□ 

Since we obviously have id = ^2 pr 1 , the proposition above immediately implies a 
rather useful formula for the operator V*V, which corresponds to Equation (jlj) in the 
case G = SO„ and E = APT. 

Corollary 3.3. V*V = £\ T* o Tj 

Let G be the holonomy group of an irreducible, non-symmetric Riemannian manifold. 
It is then well-known that any isotypic component of T eg) E is irreducible, i.e. in the 
decomposition T®E = J2Ej any summand -Ej occurs only once. As a consequence the 
projection maps {pr^ } form a basis of Endc(T <8> E) and any invariant endomorphism 
F oiT ® E can be written as F = fi Wi > with Fj^ — fi id. 
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It turns out that for certain invariant endomorphisms F the operator F o V 2 is in 
fact a zero order term. Hence, in these cases F gives rise to the Weitzenbock formula 
FoV 2 = fi T* Ti . The following lemma will provides us with an easy criterion for 
deciding which invariant endomorphisms F lead to Weitzenbock formulas. 

Lemma 3.4. Let F be an equivariant endomorphism of T ® E considered as element 
of Homg(T ® T, End.E). Then F o V 2 defines a zero order operator if and only if 
F a ®b = -F bm for any vectors a,b G T. 

Proof: Let R be the curvature of EM and let {e{\ be a parallel local frame, then 
FoV 2 = ^F( ei ® ei )V ei V e , = |^F(e i ®e i )(Ve i V e ,-V e ,V ei ) = \ y ^F{e i ®e j )R ftiift . 

□ 

We show in [TH] that Endc(T ® E) is in many cases, including the exceptional holo- 
nomies G 2 and Spin 7 , the quotient of a polynomial algebra generated by one special 
endomorphism, the conformal weight operator B. 

Definition 3.5. The conformal weight operator B G Endc(T <g> E) = Hom^(T ® 
T, Endi?) is for any a,b G T, s G E defined as 

B a ®b s := pr (a A b) s , 

where q is the Lie algebra of the holonomy group G and pr g denotes the projection 
A 2 T -^gC so n = A 2 T. Here g acts via the differential of the representation n on E. 

However, for the present article it is only important to note that B defines a Weitzen- 
bock formula, since obviously B a ^ = —Bt,® a , for any a, b G T. We will later apply this 
formula for proving that any Killing form on a compact manifold with exceptional 
holonomy has to be parallel. 

The curvature term defined by B turns out to be the endomorphism q(R) already 
introduced in Section El In fact, Equation (jHJ) can be considered as the Weitzenbock 
formula corresponding to B in the special case of G — SO„ and E = APT. 

Lemma 3.6. Bo\7 2 = q(R) 

Proof: Let {Xj} be an ortho- normal basis for the induced scalar product on g C A 2 T 
and let {e{\ be a local ortho-normal frame. Then 

£?oV 2 = J]pr g (e i Ae j )V 2 ie . = \ ]T pr g ( ei A e^V 2 ,,. - V 2 . J 
= ^pr (e i Ae j )R ei , ej = ^X^R^)- = q(R) . 

i<j 

□ 

In order to obtain the general Weitzenbock formula defined by B we have to write 
B = ^bi pr ; and to determine the coefficients &j . We first describe the conformal 
weight operator as an element of Endc(T ® E). 
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Lemma 3.7. Let {X{\ be an orthonormal basis for the induced scalar product on g C 
A 2 T. Then B = — Xi ® Xi, where Xi is acting on T resp. E via the holonomy 
representation resp. the representation E. 

Proof: Using the formula (X, a A b) = (Xa, b), for a,b G T and X G A 2 T = so n , we 
may write B as 

B(a®s) = ^ ei <g> pr g (ei A a) s = ^ ej ® (e, A a, Xj) Xj s 

= (Xjei, a) ei® Xj s = — (e^ Xja) e-i ® Xj s 

= -(^Xj ® Xj) a<g> s 

□ 

Let G be a compact semi-simple Lie group, with Lie algebra g and let re : G —>■ 
Aut(V) be a representation of G on the complex vector space V. If {Xi} is a basis 
of g, orthonormal with respect to an invariant scalar product g, the Casimir operator 
Cas^ G End(V) is defined as 

Cas£ := J2 n *( X ^ on *( X ^ = J2 X ?i 

where 7r* : g — > End(V) denotes the differential of the representation tt. It is well- 
known that Cas^ = c^idy, if the representation n is irreducible. Moreover, the Casimir 
eigenvalues c% can be expressed in terms of the highest weight of n. 

It follows from the lemma above that the conformal weight operator B can be written 
as a linear combination of Casimir operators, which leads to 

Corollary 3.8. Let T <g> E = © Ei be the decomposition of the tensor product into 
irreducible components. Then the conformal weight operator B is given as 

for Casimir eigenvalues c^ 2 computed with respect to the induced scalar product on 
g C A 2 T. The corresponding universal Weitzenbock formula on sections of EM is 

q(R) = -^biTfTi. (8) 

Proof: Expanding the Casimir operator Cas^ E = ^Xf acting on T®E we obtain 

Cas^ B = ( X ? ® ids + 2Xi ® X t + id T ® X?) 
Hence, Lemma 13.71 implies that the conformal weight operator can be written as 

B = ~\ ( Cas T®£ - Ca 4 2 ® - id T ® Cas^ 2 ) . 
which yields the formula above after restriction to the irreducible components Ei . □ 
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Remark 3.9. In the case of Riemannian holonomy G = SO n the Weitzenbock for- 
mula (EJ) was considered for the first time in In this article one can also find the 
conformal weight operator and its expression in terms of Casimir operators. The oper- 
ator B appears also in jjj ■ Similar results can be found in [7j . 

It remains to compute the Casimir eigenvalues. For doing so we first recall how to 
compute them for an irreducible representation of highest weight A and with respect 
to the scalar product (•, •) defined by the Killing form B. Let p be the half sum of the 
positive roots of g, then 

= \\P\\ 2 - ||A + p|| 2 = - (A, A + 2p) . (9) 

For the application of Corollary 13. 81 we need the Casimir eigenvalues c A2 defined with 
respect to the induced scalar product on g C A 2 T. The relation between these Casimir 
eigenvalues is contained in the following normalization lemma. 

Lemma 3.10. Let g be the Lie algebra of a compact simple Lie group and let V be an 
irreducible real ^-representation with invariant scalar product (•,•)■ If ^ an V other 
irreducible Q-representation with invariant scalar product g, then 

dimV 4 w ' 

In particular, the Casimir eigenvalue of the representation V is given as Cy = —2 ^'™^. . 

Proof: Since we assume V to be equipped with a g-invariant scalar product (*, •) 
we have g C so(V) = A 2 V. Restricting the induced scalar product onto g C A 2 V 
defines the natural scalar product (-, -}a2 on g. Note that (a, (3)^2 = — | try(a o ft) — 
\ (a, fl)Endv ■ Let {X a } be an orthonormal basis of g with respect to (•, -}a2 and let {e^} 

be an orthonormal basis of V. Then Casy (v) = CyV = ^2 a X 2 (v) , for any v G V, 
and we obtain 

dimVtf = ( X a(e 3 ), e 3 ) = - ^ (X a ( ej ), X a (e 3 )) = -2 £ |X a |i a = -2 dimg 

a,j a,j 

which proves the lemma in the case ir = V. Since g is a simple Lie algebra it follows 
that two Casimir operators defined with respect to different scalar products differ only 

A 2 C A 2 

by a factor independent from the irreducible representation n. Hence %- = and 
the statement of the lemma follows from the special case tv = V. □ 

In the remaining part of this section we will consider the holonomy groups G2 and 
Spin 7 and make the Weitzenbock formula (JEJ) explicit for certain representations ap- 
pearing in the decomposition of the form spaces. 
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3.1. The group G2. The group G2 C SO(7) is a compact simple Lie group of di- 
mension 14 and of rank 2. As fundamental weights one usually considers uj\ corre- 
sponding to the 7-dimensional holonomy representation T and u> 2 corresponding to the 
14-dimensional adjoint representation g 2 . The half-sum of positive roots is the sum of 
the fundamental weights, i.e. p = u>\ + u> 2 . Any other irreducible G 2 -representation 
can be parameterized as T ajb = au>i + buj 2 , e.g. the trivial representation is r 0j o = C. 
Further examples are 

r0,l = = 02; T2.0 = A^y, I\i = Vfj4, F 3j o = V 77 , 

where the subscripts denote the dimension of the representation, which is unique up to 
dimension 77. In dimension 77 on has two irreducibel G2-representations, denoted by 
Vff and V 77 . Below we need the following decomposition of the spaces of 2- and 3-forms 

A 2 T = A 5 T = T®A 2 l4 , A 3 T = A 4 T = C © T © A 3 27 . (10) 

Since we want to apply the Weitzenbock formula for the bundles A 2 4 T and A 27 T we still 
need the following tensor product decompositions 

T®A\ A = T®A 3 27 ®V m , T®A\ 7 = T®A 4 27 ®A 2 u ®V m ®V 7 - 7 (11) 

There is a suitable invariant bilinear form g on q 2 , which induces the scalar products 

u x ) = 1, g(u 2 , u 2 ) = 3, g(uj u u 2 ) = § . 

Using Equation (JSJ) and Lemma f3. 101 we obtain the following Casimir eigenvalues 

cf = - I c 9 r = - I (a 2 + 3 b 2 + 3 a b + 5 a + 9 b) . 

1 a,b o -L a.b O x 7 

In particular we have c 1 ^ = — y , c 1 ^ = — 8, c£j? = — 4, c^ 4 = — 14, c^t = — 16 . 

Finally, we use (JZJ) to obtain the Weitzenbock formula on the bundles A 44 and A\ 7 . 
Recall that the twistor operator Tj is the projection of the covariant derivative onto the 
i.th summand in the tensor product decomposition of T ® E, i.e we will number the 
operators Tj according to the numbering of the summands in this decomposition, which 
has to be fixed in order to make the notation unique. 

Here we will consider the tensor product decomposition given in (jllj) . e.g. in the 
case of the representation A 44 the operator T 3 denotes the projection of the covariant 
derivative onto the summand V^, whereas for the representation A| 7 the operator T 3 
denotes the projection of the covariant derivative onto the summand A^ 4 . 

Proposition 3.11. Let {Tj} be the twistor operators defined corresponding to the de- 
compositions in Then the following Weitzenbock formulas hold 

on A\ A : q(R) = AT*T, + f T 2 *T 2 - T 3 *T 3 

on A\ 7 : q{R) = fT*T x + 2T 2 *T 2 + § T 3 *T 3 - | T 4 *T 4 - f T*T 5 
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3.2. The group Spin 7 . Let e\,e 2 ,es be the weights of the 7- dimensional standard 
representation of Spin 7 . Then the fundamental weights are defined as 

LO X = e 1} u 2 = e 1 + e 2 , uj 3 = \(e x + e 2 + e 3 ) 

corresponding to the representations A 1 !^ 7 , A 2 IR 7 and the spin representation. All other 
irreducible Spin 7 -representations are parameterized as T a b c = auj\ + bu 2 + cu 3 . The 
half-sum of positive roots is given as p = u)\ + uj 2 + ^3 = |(5, 3, 1). 

The holonomy group Spin 7 is considered as subgroup of SO s such that the holonomy 
representation T is given by the 8-dimensional real spin representation. This leads to 
the following decompositions of the form spaces A fc T. 

A 2 T = A 2 ®A 2 21 , A 3 T = A 3 ©A 3 8 , A 4 T = A* © A* © A* 7 © A* 5 (12) 

Again, the subscripts denote the dimensions of the representations and of course we 
have A 7 = A 7 and A 8 = T. For the investigation of twistor forms on Spin 7 -manifolds 
we need Weitzenbock formulas on the bundles corresponding to A 21 , A| 8 , A 27 and 
Ag 5 . The decompositions of the tensor products T © E are given as 

T®A 2 21 T © A 3 8 © Vf 12 , T®A\ 7 = A\z © V 168 

T©A 3 8 = A^ 5 © A 2 21 © A 7 © A| 7 © V W5 © V 189 (13) 

T©A* 5 = T© A 3 8 © Vf 12 © V} 12 

There are two 112-dimensional irreducible Spin 7 -representation, which we denote with 
Vxvi and V^ 12 . In terms of fundamental weights the representations appearing in the 
above decompositions are given as follows 

A 7 = ri j0 ,o, A21 = r 0i i,o, Al s = r^o,!, A 27 = r 2i0 ,o, Ag 5 = r 



0,0,2 

^112 = To, 1,1, v± 12 = r 0j0 ,3, = r 2) o,i, v W5 = r ljl0 , Vi 89 = r 10 
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Next we have to calculate all the necessary Casimir eigenvalues. We choose on spin 7 
an invariant scalar product g inducing the Euclidean scalar product on the Lie algebra 
of the maximal torus, which is identified with M 3 . Let us start with the representation 
V = 1^,0,0 = A 7 with highest weight e\. Formula (jH)) yields the Casimir eigenvalue 
Cy = —6 and from Lemma f3. 101 for T = V, we also get c y 2 = —6. Hence, we conclude 
c A = c 9 ° for any irreducible Spin 7 -representation ir. Using the standard scalar product 
on M 3 it is now easy to calculate the following Casimir eigenvalues 

„A 2 __ _69 „A 2 _io „A 2 _ 9n „A 2 __ _85 „A 2 _ 81 

C VTi2 ~~ 4 ' C V W5 - i0 ' C l/is9 - ZU ' C Vl68 ~ 4 ' C Vf la ~~ 4 ' 

Finally, we use (JJJ) to compute the coefficients of the Weitzenbock formula on the 
bundles A 21 , A| 8 , A 27 and Ag 5 . As in the G 2 -case we number the twistor operators 
corresponding to the decomposition (fT3*j) . e.g. for the representation A 2l the twistor 
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operator T\ denotes the projection of the covariant derivative onto the summand T and 
for the representation A\ % it denotes the projection onto the summand A| 5 . 

Proposition 3.12. Let {Tj} be the twistor operators defined corresponding to the de- 
compositions in Then the following Weitzenbock formulas hold 

on A 2 21 : q(R) = lOI^Ti + 3T*T 2 - T 3 *T 3 

on A% : q(R) = X ^T*T X + f T* 2 T 2 + f T 3 *T 3 + J T 4 *T 4 - \ T 5 *T 5 - §T 6 *T 6 

on A| 7 : q(R) = \T{T X - 2T* 2 T 2 

on A 4 35 : q(R) = 6^ + § T 2 *T 2 - f T 4 *T 4 

4. Proof of the Theorems 

In this section we will prove Theorems 11.11 and 11.21 using the Weitzenbock formulas of 
Prop osit ion IH. Ill and 13 . 1 2l We will first show that on manifolds with holonomy G 2 and 
Spin 7 any Killing form can be decomposed into a sum of Killing forms belonging to 
the parallel subbundles of the form bundle. Hence we may assume that the Killing form 
is a section of one of the irreducible components. Moreover we only have to consider 
summands where the endomorphism q(R) acts non-trivially. Otherwise the twistor form 
has to be parallel, as follows from Corollary 12.31 

It is easy to show that on Einstein manifolds the co differential of any twistor 2-form is 
either zero or dual to a Killing vector field. However, on a compact Ricci-flat manifold 
any Killing vector field has to be parallel and it follows after integration that the twistor 
2-form has to be coclosed. This argument then implies the more general statement on 
twistor forms, contained in Theorems 11.11 and 11.21 

4.1. The holonomy decomposition. Let (M n ,g) be a manifold with holonomy G, 
which is assumed to be a proper subgroup of SO n . In this situation the bundle of p- 
forms decomposes into a sum of parallel subbundles, A P TM = ©VJ and correspondingly, 
any p-form u has a holonomy decomposition u = Yl u i- If w is a twistor form, or even 
a Killing form, it remains in general not true for the components Uj. Nevertheless we 
have such a property in the case of the exceptional holonomies. 

Lemma 4.1. Let (M,g) be a compact manifold with holonomy G 2 or Spin 7 and let u 

be any form with holonomy decomposition u = Yl u i- Then u is a Killing form or a 
^-Killing form if and only if the same is true for all components Mj. 

Proof: We will use the characterization of Killing forms given in Proposition 12.21 
Since the decomposition A P TM = ©V^ is parallel, it is preserved by V*V and q(R). 
Thus for a Killing form u all the components satisfy the equation V*Vk« = ^q(R)ui 
and it remains to verify whether the components are coclosed. 
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Since manifolds with holonomy G2 or Spin 7 are Ricci-flat we do not have to consider 
twistor 1-forms, which are automatically parallel due to Corollary 12. HI We start with 
the G2-case, where it is enough to consider Killing forms. The proof for *-Killing 
follows then from the duality under the Hodge star operator. Let u = u 7 + uu be the 
decomposition of a Killing 2-form according to (|10p. then Corollary 12.31 shows that u 7 
is parallel and thus uu = u — u 7 is coclosed. In the case of a Killing 3-form we have the 
decomposition u = U\ + u 7 + u 27 and, as for 2-forms, it follows that U\ and u 7 have to 
be parallel, implying that u 27 is coclosed. The argument is the same for Killing forms 
in degree 4 and 5, since the same representations are involved. 

We now turn to the case of holonomy Spin 7 . In the case of twistor 4-forms it follows 
from the remark after Proposition 12.21 that any component is again a twistor form. The 
further analysis will be given below. The argument for forms in all other degrees is the 
same as in the G2-case. 

4.2. Twistor forms on G2-manifolds. For G^-manifolds we only have to consider two 
cases: twistor forms in A^ 4 and in A| 7 . In the first case we have three twistor operators 
(corresponding to the decomposition (jlljl ) and T3 vanishes on twistor forms, since the 
third summand in the decomposition (|TT|) of T®A^ 4 belongs neither to the A 1 nor to A 3 . 
In the second case we have five twistor operators and here T 4 and T 5 vanish on twistor 
forms, since the last two summands in the decomposition (jllj) of T <8> A| 7 do not appear 
in the form spaces. From Proposition 13.111 we have one Weitzenbock formula for each 
case. However, to prove Theorem 11.11 we still need to compare the twistor operators 
with the differential and codifferential. 

Consider the case A^ 4 , here the differential splits as d — d 7 +d 27 , e.g. d 7 = XX e iAV e j7, 
with subscripts denoting the projection onto the corresponding summand. There is no 
part di, since the trivial representation does not occur in the decomposition of T(g> A| 4 . 
The projection pr x defining T± can be written in two ways: 

pr x : T <g> A? 4 T A> T <g> A? 4 , pr x : T ® K\ A A 3 T ® A? 4 , 

with 7Ti(X(g)a) = X j a and n 2 (X <8>a) = (X A a) 7, and the right inverses ji,j 2 - Hence, 
du = or d*u = both imply T\u = 0. Similarly, du — implies T 2 u = 0. 

Let u be a ^-Killing form in A^ 4 , then du — implies T\u = and T 2 u = 0. Hence all 
twistor operators vanish on u and the form has to be parallel. Let u be a Killing form 
in A^ 4 , then only the component T 2 u could be different from 0. But the Weitzenbock 
formula of Proposition 13. 1 ll and the equation 2V*Vw = q(R)u imply 

= 2V*Vw - q(R)u = (2 - fjT;T 2 u . 

Hence T 2 T 2 u = 0, and after integration also T 2 u = 0, i.e. the form u has to be parallel. 

Consider now the case A| 7 , here the differential splits as d — d 7 + d 27 and the codiffer- 
ential as d* = d 7 + d\ 4 , again there is no component d\. With the same arguments as for 
A^ 4 we see that du = implies T\u = and T 2 u = and d*u = implies T\u = and 
T3M = 0. Indeed, the first to summands of the decomposition (fTTf of T <g> A^ 7 are also 
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summands of the 4-forms. Similarly, the first and the third summand are components 
of the 2-forms. 

Let u be Killing form in A| 7 , then only T 2 u could be different from zero. But the 
Weitzenbock formula and the equation 3V*V-u = q(R)u implies (3 — 2)T 2 T 2 u = and 
u again has to be parallel. Finally, in the case of a *-Killing form u in A 27 , we have to 
use the Weitzenbock formula and the equation 4V*Vu = q(R)u to show the vanishing 
of T 3 u. D 

Remark 4.2. Using Lemma Q£ jjl and explicit expressions for the projections onto the 
irreducible components of the form bundle it is possible to determine the precise relation 
between the operators T*Ti and similar operators in terms of the components of d and 
d*, e.g. on the bundle A 2 U one finds: d* 7 d 7 = T?T U dd* = ATfTi and 3d* 27 d 27 = 7T*T 2 . 



4.3. Twistor forms on Spin 7 -manifolds. Since q(R) acts trivially on the represen- 
tations C, A 7 and T, any twistor form in one of these components is automatically 
parallel. Hence, we only have to consider twistor forms in the subbundles A| l5 A 48 , 
A 27 and A§ 5 . The argument is now similar to the G2-case. For any Killing or *-Killing 
form u in one of these bundles we show that all twistor operators vanish on u, such that 
the form has to be parallel. 

Let u G A|i be a twistor 2-form, then T3U = 0, since the third summand in the 
decomposition (|13|) of T ® A 21 belongs neither to A 1 nor to A 3 . The representation 
T = A 1 appears also as summand in the 3-form. Hence, as in the G2-case, we see that 
du = implies T\u = T 2 u = and d*u = implies T\U = 0. Thus *-Killing forms 
are automatically parallel. Let u be a Killing 2-form, then 2V*Vw = q(R)u and the 
Weitzenbock formula of Proposition 13.121 imply (2 — 3)T 2 T 2 u and T 2 u = . Thus also 
on Killing forms all twistor operators vanish. 

Let u G A^ g be a twistor 3-form, i.e. T 5 u = T e u = 0. The representation A|, i.e. 
the third summand in the decomposition (|13|) of T ® A| 8 , appears as summand in 
the 2- and 4-forms. Hence, du = implies T\u = T 3 u = T^u = and d*u = 
implies T 2 u = T%u = 0. Let u be a ^-Killing form, then 5V*Vit = q(R)u and we find 
(5 - ^)T 2 *T 2 u = 0, thus T 2 u = 0. Let u be a Killing form, then 3V*Vu = q(R)u and 
(3 - x) T i* T i + ( 3 - \) T l T iU = implies T lU = T 4 u = 0. 

Let u G A 27 be a twistor 4-form, i.e. T 2 u = 0. Then 4V*Vu = q(R)u implies 
(4— ^)TfTiu = and thus T\U = 0. Hence, any twistor 4-form in A 27 has to be parallel, 
which completes the proof Lemma 14.11 We had already seen that any component of a 
twistor 4-form is again a twistor form. Now we see that three of the four components 
have to be parallel. Hence, for a Killing form all components are again coclosed, i.e. 
again Killing forms. 

Finally, let u G Ag 5 be a twistor 4-form, i.e. T 3 u = T^u = 0. Since both remaining 
summands T and Vf 12 are subbundles of A 3 = A 5 we see that T\ and T 2 vanish for 
closed or coclosed twistor forms, thus they have to be parallel. □ 
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Remark 4.3. For the representation A| 5 we find in ^3] on additional Weitzenbock 
formula (with vanishing curvature term). This equation then shows that indeed any 
twistor 4-form on a Spin 7 -manifold has to be parallel. 
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